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We study the polarization properties of the jitter and synchrotron radiation produced by electrons
in highly turbulent anisotropic magnetic fields. The net polarization is provided by the geometry
of the magnetic field the directions of which are parallel to a certain plane. Such conditions may
appear in the relativistic shocks during the amplification of the magnetic field through the so-called
Weibel instability. While the polarization properties of the jitter radiation allows extraction of direct
information on the turbulence spectrum as well as the geometry of magnetic field, the polarization
of the synchrotron radiation reflects the distribution of the magnetic field over its strength. For
the isotropic distribution of monoenergetic electrons, we found that the degree of polarization of
the synchrotron radiation is larger than the polarization of the jitter radiation. For the power-law
energy distribution of electrons the relation between the degree of polarization of synchrotron and
jitter radiation depends on the spectral index of the distribution.
I. INTRODUCTION
Turbulent magnetic fields play an important role in
many astrophysical processes such as amplification of
magnetic fields, accretion, viscous heating and thermal
conduction in a turbulent magnetised plasma, etc. [1].
One of the most important processes where the presence
of turbulent magnetic fields is necessary is the diffusive
shock acceleration. In particular, the collisionless shock
waves themselves are generated via magnetic turbulence,
which mediates interactions between particles. In the
acceleration process the turbulence is required to trap
accelerated particles around shock front for successive
crossings, in which they gain energy.
The acceleration of the particles is accompanied by
their radiation. The character of the radiation can reveal
details of the acceleration as well as the properties of the
turbulent medium where the acceleration occurs. The ge-
ometry and the scale of turbulence could be reflected in
the polarization properties of the radiation. A completely
isotropic turbulence does not produce any net polariza-
tion. However, if the scale of the turbulence is sufficiently
large one can detect the fluctuations of the polarization
and study the structure of the magnetic field [2]. In the
case of small-scale turbulence, the only way to observe a
polarised radiation is the specific anisotropic geometry of
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the turbulent magnetic field. This concerns, for example,
the objects like GRBs.
The turbulent magnetic fields in the shock waves can
be generated by a variety of plasma instabilities [3, 4].
Particle-in-cell (PIC) simulations show that a Weibel in-
stability is a key component for generation of the rel-
ativistic collisionless shock waves and amplification of
magnetic fields [5–7]. As proposed in Ref. [8] in the
context of the magnetic field amplification in GRBs, the
anisotropy of colliding beams is transferred to the energy
of the small-scale turbulent magnetic field. The char-
acteristic scale of the turbulence is of the order of the
plasma skin-depth. Here it is interesting to note that the
amplification occurs predominantly for the components
of the field which are perpendicular to the direction of
beams. The analysis of PIC simulations conducted in
Ref. [7] reveals also a significant anisotropy of the turbu-
lence at the saturation stage of amplification. However,
the turbulence becomes more isotropic in a course of non-
linear evolution far behind the shock front [7].
The radiation of electrons in the small-scale magnetic
fields significantly differs from the regular synchrotron
radiation [9]. Because of the turbulence, the formation
length of the radiation can be smaller than the formation
length required for synchrotron radiation. In this case the
qualitatively different type of radiation - jitter radiation
- appears. The conditions for realization of this regime
of radiation is the smallness of the characteristic length
of the turbulence λ compared to the non-relativistic Lar-
mor radius RL =
mc2
eB . Thus the appearance of the jitter
radiation is determined solely by the properties of the
magnetic field. Because of smaller formation length, the
2characteristic frequency of jitter radiation ωj is larger
than the characteristic frequency of synchrotron radia-
tion ω0 by the factor δj = λ/RL, i.e. ωj = ω0/δj, where
δj ≪ 1.
The mechanism of jitter radiation has been revisited
in Ref. [10]. It has been shown that the power spec-
trum of radiation behaves as a constant at frequencies
smaller than the characteristic frequency of jitter radia-
tion, contrary to the earlier claimed ∼ ω1 behaviour [8].
The spectrum at high frequencies is a power-law with
index determined by the turbulent spectrum. The to-
tal power of the jitter radiation equals the total power
of the synchrotron radiation in the isotropic magnetic
field. Thus presence of the small-scale turbulence affects
the radiation spectrum but does not touch total losses.
In this paper we show that a similar relation occurs for
polarisation properties: the turbulence influences only
the spectral degree of polarisation whereas the degree of
polarisation of total radiation is the same for jitter and
synchrotron radiations.
Concerning the polarisation of radiation from GRBs,
the synchrotron radiation is assumed to be the main
mechanism for the production of polarised emission.
While the Weibel instability seems to be inevitable in
generation of inner and outer shocks, it is not clear
whether the Weibel instability indeed produces small
enough turbulence for the operation of the jitter regime.
The simulations of Ref. [7] show that the jitter radia-
tion regime can operate during the growing stage while
the current filaments merge, and, at the later times, after
reaching the non-linear regime when magnetic field starts
to decay. While the growth of the magnetic field occurs
very fast, the decaying stage looks more promising for
production of significant portion of jitter radiation. At
the saturation stage, it is more probable that the syn-
chrotron regime is at work. So it makes a sense to con-
sider the polarisation properties of both synchrotron and
jitter regimes for a specific configuration of the turbulent
magnetic field generated by Weibel instability.
The polarisation properties of the radiation in the tur-
bulent magnetic field with the so-called slab geometry
have been studied in refs. [11, 12]. Assuming an in-
dependence of the radiation from different parts of the
emitting region, Laing [11] has averaged the radiation
from power-law electron distribution over the isotropi-
cally distributed directions of the magnetic field in the
plane. While this approach works for synchrotron ra-
diation, the calculations in the case of jitter radiation
should take into account the coherence of the turbulent
magnetic field. This has not been done in the calculations
of Ref. [12] where the polarisation of jitter radiation has
been studied in the manner of Ref. [11]. It has led them
to incorrect the conclusion that jitter radiation can give
a 100% polarisation.
In this paper we study the polarisation properties of
the radiation from isotropically distributed electrons in a
turbulent magnetic field with slab geometry. The calcu-
lations have been conducted in the general tensor form
which is not attached to any specific coordinate system
and allows us to avoid any assumptions about principle
axis of the polarisation ellipse. For calculations we fol-
low the approach proposed in Ref. [10]. The averaging of
the obtained formulae for jitter radiation over all direc-
tions of observation reproduces the results obtained for
the isotropic turbulence considered in Ref. [10]. The de-
rived formulae can be used for an arbitrary energy distri-
bution of electrons. We compare the polarisation proper-
ties of the synchrotron and jitter radiation and show that
the synchrotron radiation is more polarised in the case
of monoenergetic distributions. For the power-law distri-
bution of electrons the analytical formula for the degree
of polarisation of jitter radiation is obtained.
The paper has the following structure. Sections 2 and 3
describe the calculations of the polarization produced in
the jitter and synchrotron radiation regimes, respectively.
In the Section 4 we present the results and compare two
cases. Finally, in Section 5 we discuss the main results
and make conclusions.
II. POLARIZATION OF JITTER RADIATION
The spectral power of the emission of a charged particle
at the moment t can be written in the form [10, 13]:
Pnω(t) =
e2
4π2c
∞∫
−∞
U(t+ τ/2)U∗(t− τ/2)dτ, (1)
where
U(t) =
n×
[
(n− β(t))× β˙(t)
]
(1− nβ(t))2 e
iΦ(t). (2)
The complex vector U(t) depends on time through the
particle velocity β(t) = v(t)/c, the acceleration β˙(t), and
the exponential factor Φ(t) = ω(t − nr(t)/c), which de-
pends on the radius-vector of the particle. Here n is the
unit vector in the direction of observation. The function
U∗(t) is the complex conjugation of U(t).
Eq. (1) gives the total power of radiation per unit fre-
quency and per unit solid angle irrespective of polariza-
tion. To take into account the directions of the oscil-
lation of the electric field vector in the electromagnetic
wave, one should consider instead of just the scalar prod-
uct the direct product of the electric field vector in the
Fourier space. This can be done by rewriting Eq. (1) in
the tensor form:
(Pnω(t))ik =
e2
4π2c
∞∫
−∞
Ui(t+ τ/2)U
∗
k (t− τ/2)dτ. (3)
The intensity of the radiation polarized in the direction
e then can be easily found as (Pnω(t))ikeiek. Note that
the quantity (Pnω(t))ik is the equivalent of the polar-
ization tensor which is usually determined as (Pnω(t))ik
3normalised to the intensity Pnω(t) = (Pnω(t))ii [14]. In
this paper, for convenience, we refer to this quantity as
polarization tensor.
The jitter radiation is realized in the small-scale
chaotic magnetic field with the correlation length
λ smaller that nonrelativistic Larmor radius RL =
mc2/eB. We assume that statistically averaged mag-
netic field is 〈B〉 = 0. The radiation should be averaged
over all possible configurations of magnetic field. Un-
der this condition λ determines the scale of particle path
where the observed radiation is generated. At distances
cτ ≫ λ, the particle radiation is incoherent. The value
of the integrand in Eq. (3) tends to zero at τ ≫ λ/c be-
cause the magnetic fields become uncorrelated and the
time-averaged product 〈B1ρB2σ〉 = 〈B1ρ〉〈B2σ〉 = 0.
As discussed in Ref. [10] , the condition λ ≪ RL al-
lows us to perform the calculations in the framework of
perturbation theory. Since β˙(t) = e(β ×B)/(mcγ), we
can assume, as a zeroth approximation, that β(t±τ/2) =
β(t) = β, r(t + τ) = r(t) ± βτ/2. With such accuracy,
we have
(Pnω(t))ik =
e2
4π2c
(
e
mcγη2
)2 ∞∫
−∞
p+i p
−
k e
iωητdτ, (4)
where η = 1 − nβ, p± = n × [(n− β)× (β ×B±)],
B± = B(t±τ/2), and γ = 1/
√
1− β2. The tensor p+i p−k
has a quite complicated structure. If the distribution
of the particles is isotropic one can simplify p+i p
−
k by
averaging directions of the velocity β over the azimuthal
angle with respect to the direction of observation n. The
tensor can be further simplified taking into account that
the angle between β and n is small (θ ∼ 1/γ) and β ≈
1− 1/2γ2. After tedious calculations, we obtain
〈p+i p−k 〉 =
1
8γ4
TikµνB
+
µ B
−
ν , (5)
where the fourth-rank tensor Tikµν is
Tikµν = (2 + χ
2)δ⊥ikδ
⊥
µν − χ2δ⊥iµδ⊥kν − (2 − χ2)δ⊥iνδ⊥kµ. (6)
Here we have introduced the variable χ = (θγ)2, where θ
is the angle between β and n. The tensor δ⊥ik = δik−nink
is the two-dimensional Kronecker delta perpendicular to
the direction n.
Taking into account relativistic effects we can write in
these designations
η ≈ 1
2γ2
(1 + χ). (7)
and
(Pnω(t))ik =
e4γ2
2π2m2c3
1
(1 + χ)4
× (8)
∞∫
−∞
TikµνB
+
µB
−
ν e
iωητdτ.
To continue the further calculations one should average
Eq. (8) over all possible configurations of the magnetic
field. This leads to appearance of the correlation function
Kµν(r1, t1; r2, t2) = 〈Bµ(r1, t1)Bν(r2, t2)〉, (9)
where r1 = r + cβτ/2, r2 = r − cβτ/2, t1 = t + τ/2,
and t2 = t − τ/2. We consider the case of the two-
dimensional stochastic magnetic field with directions par-
allel to a plane. Let us introduce a vector s which is the
normal unit vector to the plane. Then the correlation
function should satisfy the following conditions
Kµνsµ = 0, Kµνsν = 0. (10)
Following to the procedure described in Ref. [10], the
correlation function of the statistically homogeneous and
stationary field could be presented in the form of a
Fourier integral:
Kµν(r, t) =
∫
K˜µν(q,κ)e
i(qr−κt) d
3q
(2π)3
dκ
2π
, (11)
where r = r1 − r2 = cβτ and t = t1 − t2 = τ . Because
of the condition ∇B = 0, the Fourier components of the
correlation function obey the transversality conditions:
K˜µνqµ = 0, K˜µνqν = 0. (12)
Taking into account the conditions of Eq. (10) and
Eq. (12), the most general form of the correlation func-
tion is
K˜µν = 〈B2〉Ψ˜(|q|, sq,κ)Kˆµν (13)
where
Kˆµν = (δµν−qˆµqˆν)− 1
1− (sqˆ)2 (sµ−(sqˆ)qˆµ)(sν−(sqˆ)qˆν),
(14)
and qˆ = q/q. Below we will consider the case of station-
ary magnetic fields with the function Ψ˜ which does not
depend on the scalar product sq:
Ψ˜ = Ψ(q)2πδ(κ). (15)
Here δ(κ) is the Dirac delta function, and the function
Ψ is normalised such that
∫
Ψ(q)
d3q
(2π)3
=
1
2π2
∞∫
0
Ψ(q)q2dq = 1. (16)
Combining Eqs. (8,9,11,13) we obtain
(〈Pnω(t)〉)ik = e
4〈B2〉γ2
2π2m2c3
1
(1 + χ)4
× (17)
∫
Ψ(q)TikµνKˆµν
∞∫
−∞
ei(cqn+ωη)τdτ
d3q
(2π)3
.
4Here the integration over κ has been cancelled using δ(κ)
in Eq. (15) and the velocity β in the exponent has been
substituted by n.
To find the total radiation power emitted by an
isotropic distribution of the particles in the direction n,
let us integrate Eq. (17) over directions of velocity β. Be-
cause the angle between β and n is small, one can adopt
dΩ = 2πθdθ. It is convenient to perform this integration
using variable χ = (θγ)2 with limits of integration from
zero to infinity:
(P¯nω(t))ik =
e4〈B2〉
m2c3
∫
d3q
(2π)3
× (18)
∞∫
0
dχ
(1 + χ)4
δ(cqn+ ωη)Ψ(q)TikµνKˆµν .
This integral is calculated using the delta function
δ(cqqˆn + ω(1 + χ)/2γ2) appearing after the integration
over τ in Eq. (17):
(P¯nω(t))ik =
e4〈B2〉
m2c3
2γ2
ω
× (19)
1
(2π)3
∞∫
ω/2γ2c
dqq2Ψ(q)
−ξ∫
−1
dx
2pi∫
0
dφ
TikµνKˆµν
(1 + χ0)4
,
where
χ0 = −1− x
ξ
, ξ =
ω
2γ2cq
. (20)
Here x = qˆn is the cosine of the angle between q and n,
φ is the azimuthal angle of q relative to the direction of
n, and the tensor Tikµν = Tikµν(χ0).
Taking into account that Kˆµν is symmetric tensor, the
tensor part of the integrand is simplified to
TikµνKˆµν = (2 + χ
2
0)δ
⊥
ikKˆ
⊥
µµ − 2Kˆ⊥ik, (21)
where Kˆ⊥ik is a two-dimensional tensor perpendicular to
the direction n; it is expressed as
Kˆ⊥ik = Kˆµν(δiµ − ninµ)(δkν − nknν). (22)
Let us introduce two-dimensional projection of the vec-
tor s on the plane perpendicular to the direction n
s′ =
s− (sn)n
|s− (sn)n| . (23)
Then the tensor Kˆ⊥ik integrated over azimuthal angle φ
should have the following structure
2pi∫
0
Kˆ⊥ikdφ = K1δ
⊥
ik +K2s
′
is
′
k. (24)
The trace of the tensor and contraction with tensor s′is
′
k
results in two algebraic equations. The solution of these
equations is
K1 =W1 −W2, (25)
K2 = 2W2 −W1,
where
W1 =
1
2π
2pi∫
0
Kˆ⊥µµdφ, (26)
W2 =
1
2π
2pi∫
0
Kˆ⊥µνs
′
µs
′
νdφ.
The integration over the azimuthal angle gives
W1 =
|x+ σ′|+ |x− σ′|
2
, (27)
W2 =
σ′2
1− σ′2
(
1− |x+ σ
′|+ |x− σ′|
2
)
,
where σ′ = sn. Thus the integration of Eq. (21) over the
azimuthal angle φ gives
2pi∫
0
TikµνKˆµνdφ = (28)
W1(1 + χ
2
0)δ
⊥
ik − (W1 − 2W2) (δ⊥ik − 2s′is′k).
Eq. (19) can be rewritten as
(P¯nω(t))ik =
e4〈B2〉
m2c4
(
ω
2γ2c
)2
× (29)
1
(2π)2
1∫
0
dξ
ξ3
Ψ
(
ω
2γ2cξ
)(
F1δ
⊥
ik − F2(δ⊥ik − 2s′is′k)
)
,
where
F1 = ξ
3
1∫
ξ
dx
x4
(
2− 2x
ξ
+
x2
ξ2
)
W1, (30)
F2 = ξ
3
1∫
ξ
dx
x4
(W1 − 2W2) .
Here we have changed the integration variable from q to ξ
using Eq. (20) and expressed χ0 through ξ. Also, for con-
venience of notations the interchange x → −x has been
applied. After rather simple but tedious calculations we
obtain
F1 =
(
2σ
3
+
(
2− 1
σ
)
ξ2 +
(
1
3σ2
− 1
)
ξ3 (31)
−ξ(1 + lnσ)) Θ(σ − ξ) + ξ(2ξ − ξ2 − 1− ln ξ)Θ(ξ − σ),
5F2 =
1
3
(
1− σ
1 + σ
)(
(1 + σ)2
2σ2
ξ3 + σ
)
Θ(σ − ξ) + (32)
1
1− σ2
(
1 + σ2
2
(1 − ξ2)ξ − 2σ
2
3
(1− ξ3)
)
Θ(ξ − σ),
where Θ is the Heaviside step function, σ = |σ′|. Finally
we can write the result as
(P¯nω(t))ik =
e4〈B2〉
m2c4
(Ijδik −Qj(δik − 2s′is′k)) , (33)
where we suppose that δik is the two-dimensional Kro-
necker delta, and
Ij =
(
ω
2γ2c
)2
1
(2π)2
1∫
0
dξ
ξ3
Ψ
(
ω
2γ2cξ
)
F1(ξ, σ) (34)
Qj =
(
ω
2γ2c
)2
1
(2π)2
1∫
0
dξ
ξ3
Ψ
(
ω
2γ2cξ
)
F2(ξ, σ).
Here the functions F1 and F2 are given by Eqs. (31), (32).
The functions Ij and Qj correspond up to the common
prefactor to the Stokes parameters I and Q as they are
usually determined. The lower index j refers to the jitter
radiation. The results written in this form are convenient
because the degree of polarization can be immediately
written as:
Πj =
Qj
Ij
. (35)
Indeed, the intensity observed in the direction e is
I(θ) = (P¯nω(t))ikeiek =
e4〈B2〉
m2c4
(
Ij −Qj(1 − 2 cos2 φp)
)
,
(36)
where φp is the angle between two two-dimensional vec-
tors s′ and e. As Imin = I(90
◦) ∼ Ij − Qj and
Imax = I(0
◦) ∼ Ij + Qj, from the definition Π =
(Imax − Imin)/(Imax + Imin) we obtain Eq. (35).
Let us find the total radiation by integrating the power
spectrum (P¯nω(t))ik over the frequency ω. Taking into
account the normalization condition given by Eq. (16),
we obtain
(P¯n(t))ik =
e4〈B2〉
m2c3
γ2
1∫
0
dξ (F1δik − F2(δik − 2s′is′k)) .(37)
The calculations give
I ′j =
1∫
0
dξF1 =
1 + σ2
6
, (38)
Q′j =
1∫
0
dξF2 =
1− σ2
8
.
One can show that the polarisation of the total radiation
is expressed as
Π′j =
Q′j
I ′j
=
3
4
(
1− σ2
1 + σ2
)
. (39)
Eq. (39) represents a general expression for the degree
of polarization of the total intensity of ultrarelativistic
particles in the magnetic field of given geometry. Below
we show that this expression also appears in the case of
the synchrotron radiation.
The total intensity averaged over directions of n
(dΩn/4π) is
(P¯ (t))ii =
4
9
e4〈B2〉
m2c3
γ2. (40)
It coincides with the radiation intensity in the totally
chaotic magnetic field (without a preferred direction).
Averaging of the power spectrum over directions of n
leads to
(P¯ω(t))ii =
e4〈B2〉
6π2m2c3
∞∫
ω/2cγ2
u(y)Ψ(q)qdq, (41)
where y = 2qcγ2/ω, and
u(y) = 1 +
3
y2
− 4
y3
− 3 ln y
y2
. (42)
The expression coincides with the formula obtained in
Ref. [10].
III. POLARIZATION OF SYNCHROTRON
RADIATION
The polarization of synchrotron radiation in the case
of homogeneous magnetic field is described by the matrix
[15]:
Pik =
√
3
4π
e2 sinϑ
RL
(
F (x) +G(x) 0
0 F (x) −G(x)
)
, (43)
where
x =
ω
ωc sinϑ
, ωc =
3
2
γ2ωB, RL =
c
ωB
. (44)
Here ωB =
eB
mc is the cyclotron frequency of electrons in
the magnetic field with the strength B, ϑ and γ are the
pitch angle and Lorentz factor of the radiating electron.
The function F (x) and G(x) are expressed through the
modified Bessel functions K5/3(x) and K2/3(x) in the
following way:
F (x) = x
∞∫
x
K5/3(t)dt, G(x) = xK2/3(x). (45)
6The power spectrum of synchrotron radiation is obtained
as the trace of the matrix in Eq. (43):
Pω = Pii =
√
3
2π
e2
RL
sinϑF (x). (46)
The polarisation matrix in Eq. (43) is written in the plane
perpendicular to the direction of observation n, in a par-
ticular system of coordinates where x and y axes are di-
rected along accelerationw and along the direction n×w
perpendicular to it, respectively. Let us rewrite Eq. (43)
for an arbitrary reference coordinate system in the tensor
form:
Pik =
√
3
4π
e2
RL sinϑ
ρik, (47)
where
ρik = sin
2 ϑ((F (x) +G(x)) ǫiǫk (48)
+(F (x)−G(x)) (n× ǫ)i(n× ǫ)k).
Here ǫ = w/w is the unit vector in the direction of ac-
celeration w = eBmγ (β × b), where b is the unit vector
in the direction of magnetic field. In this expression the
velocity β can be substituted by n. Thus we obtain
ǫ =
n× b
sinϑ
, (49)
and
ρik = (F (x) +G(x)) (n× b)i(n× b)k (50)
+(F (x) −G(x)) (n× (n× b))i(n× (n× b))k.
Let us assume that magnetic field has a slab structure, i.e.
the directions of the magnetic field are parallel to a plane.
Designating the normal vector to the plane as s, we can
always choose two perpendicular to each other vectors
e1 and e2 lying in the plane in a way that vectors e1,
e2, and s constitute a right-handed coordinate system.
Then the vectors n and b are expressed as
n = sin θ e1 + cos θs, (51)
b = cosφBe1 + sinφBe2. (52)
It follows from Eq. (51) that
e1 =
1
sin θ
(n− (ns)s), (53)
e2 = s× e1 = 1
sin θ
(s× n).
The substitution of Eq. (53) to Eq. (52) leads to
b =
1
sin θ
(cosφB(n− (ns)s) + sinφB(s× n)) . (54)
Then we have
n×b = 1
sin θ
(− cosφB(ns)(n × s) + sinφB(s− (ns)n)) .
(55)
Notice that n × b is perpendicular to n and has only
two non-zero components in the system of coordinates
with one of the axis directed along n. Indeed the vec-
tor s − (ns)n is the projection of vector s on the plane
perpendicular to n and can be rewritten as
(s− (ns)n)i = sin θs′i, (56)
where s′ is determined in Eq. (23). Further we consider
s′ as a two-dimensional vector. Analogously, the vector
n× s could be written as
(n× s)i = − sin θεijs′j , (57)
where εij is a two-dimensional antisymmetric symbol.
Thus, in the plane perpendicular to n we can write
(n× b)i = cosφB(ns)εijs′j + sinφBs′i, i = 1, 2. (58)
Introducing M = cosφB(ns) and N = sinφB, we have
(n× b)i = Mεijs′j +Ns′i. (59)
Then the first tensor in Eq. (50) can be written as
(n× b)i(n× b)k =M2(δik − s′is′k) + (60)
MN(s′iεkµs
′
µ + εiνs
′
νs
′
k) +N
2s′is
′
k,
where δik is the two-dimensional Kronecker delta.
Taking the vector product of n and n×b from Eq. (55)
we obtain
n× (n× b) = 1
sin θ
(cosφB(ns)(s− (ns)n) + (61)
sinφB(n× s)) .
Analogously, this vector can be written in two-
dimensional form:
(n× (n× b))i =Ms′i −Nεijs′j . (62)
The second tensor in Eq. (50) has the following form
(n× (n× b))i(n× (n× b))k = M2s′is′k − (63)
MN(s′iεkµs
′
µ + εiνs
′
νs
′
k) +N
2(δik − s′is′k).
The direction of the magnetic field enters also in the
argument of the functions F (x) and G(x) through the
sine of the pitch angle sinϑ, which can be expressed as
sinϑ = |n× b| =
√
sin2 φb + (ns)2 cos2 φB . (64)
Taking in mind that at averaging over the angle φB the
expressions with the factor MN = sinφB cosφB(ns)
drop out, the tensor 〈ρik〉 in Eq. (50) can be written
as
〈ρik〉 = 〈(F (x) +G(x)) (M2(δik − s′is′k) +N2s′is′k) (65)
+(F (x)−G(x)) (M2s′is′k +N2(δik − s′is′k))〉,
7or in the more convenient form
〈ρik〉 = 〈F (x) sin2 ϑδik (66)
−G(x)(2 sin2 φB − sin2 ϑ)(δik − 2s′is′k)〉.
Finally we can write
〈Pik〉 =
√
3
4π
e2
RL
(Isδik −Qs(δik − 2s′is′k)), (67)
where
Is
(
ω
ωc
)
=
2
π
pi
2∫
0
dφBχF
(
ω
ωcχ
)
, (68)
Qs
(
ω
ωc
)
=
2
π
pi
2∫
0
dφB
(
2
χ2 − σ2
1− σ2 − χ
2
)
1
χ
G
(
ω
ωcχ
)
.
Here
χ = sinϑ =
√
1− (1− σ2) cos2 φB (69)
where σ = ns. Here, as before, the functions Is and Qs
correspond up to the prefactor to the Stokes parameters
I and Q. The lower index s refers to the synchrotron
radiation.
If the magnetic field is distributed over the strength
with the distribution function w(B), we should average
the power spectrum in Eq. (67)
Pik =
∞∫
0
〈Pik〉w(B)dB. (70)
Notice that this operation does not change the tensor
structure of 〈Pik〉. The total power spectrum can be
found by taking the trace of 〈Pik〉:
〈Pii〉 =
√
3
2π
e2
RL
Is
(
ω
ωc
)
(71)
The power spectrum in some particular direction e in the
plane perpendicular to n is
〈Pik〉eiek =
√
3
4π
e2
RL
(Is −Qs(1− 2(s′e)2)), (72)
i.e. it depends on the scalar product between projection
of the normal vector s and the direction of the polarizer e.
Note that the polarization tensor has the same structure
as for the case of the jitter radiation. Thus, the degree
of polarization of the synchrotron radiation in the slab
geometry is
Πs =
Qs
Is
. (73)
The integration of the 〈Pik〉 over the frequency in
Eq. (68) leads to
I ′s =
∞∫
0
dωIs
(
ω
ωc
)
= ωc
8π
27
√
3
1 + σ2
2
, (74)
Q′s =
∞∫
0
dωQs
(
ω
ωc
)
= ωc
2π
9
√
3
1− σ2
2
.
Then the degree of polarization of the total radiation is
Π′s =
Q′s
I ′s
=
3
4
(
1− σ2
1 + σ2
)
, (75)
which coincides with Eq. (39).
IV. RESULTS
Now we analyse the results obtained in the previous
sections. In particular, we use Eqs. (33-34) for the jitter
radiation and Eqs. (67-68) for the synchrotron radiation.
A. Magnetic field distributions
The expressions obtained in the previous sections do
not specify the exact form of the turbulent spectrum or
the distribution over the strength. Below we describe the
distributions which are used for the presentation of the
final results.
In the regime of synchrotron radiation the spatial cor-
relation of the magnetic fields has no impact on the radi-
ation spectrum. Therefore the variation of the magnetic
field can be considered as a set of homogeneous mag-
netic fields with a certain distribution over the strength
and the direction without an introduction of the tur-
bulent spectrum. The calculations leading to Eq. (68)
have been conducted for the isotropic in the plane mag-
netic field with the constant strength. Assuming that the
variations of the magnetic field strength are distributed
isotropically and homogeneously along the plane, one can
describe the large-scale turbulence via the distribution
over the magnetic field strength:
w(B)dB = hn(b)dB/B0, (76)
where B0 ≡
√
〈B2〉 and b = B/B0. In the same manner
as in Ref. [10] we consider the following three types of
distributions:
h0(b) = δ(b − 1), (77)
h1(b) =
3
√
6√
π
b2e−3b
2/2,
h2(b) =
32b2
π(1 + b2)4
.
8Here h0 describes homogeneous magnetic field, h1 is the
Gauss type distribution with narrow dispersion, and h2
is the distribution of power-law type with wide dispersion
around B0. For all distributions we have:
∞∫
0
hn(b)db =
∞∫
0
b2hn(b)db = 1. (78)
Unlike the synchrotron radiation, the jitter radiation
depends on the spacial correlations of the magnetic field,
and the turbulence spectrum determines the form of the
radiation spectrum. Eq. (34) is derived for the homoge-
neous isotropic turbulence in the plane. In this case the
spectrum of turbulence is described by the scalar func-
tion Ψ. It is convenient to present this function in the
form
Ψ(q) =
Aαλ
3
(1 + λ2q2)1+α/2
, (79)
which provides convergence of the integrals in Eq. (34)
at α > 1.
The normalization constant that satisfies the condition
of Eq. (16) is
Aα = 8π
3/2 Γ(1 + α/2)
Γ((α− 1)/2) , (80)
where Γ(z) is the gamma function. Note that the pres-
ence of the large-scale turbulence in the form given by
Eq. (77) does not change the results. Indeed, the vari-
ance of a small-scale turbulent magnetic field 〈B2〉 enters
linearly to the expressions for the jitter radiation. Aver-
aging of B2 over strength distributions gives, according
to Eq. (78), B2 again.
B. Jitter radiation
The results for the degree of polarization of jitter ra-
diation based on Eqs. (34,35) are shown in Figs. 1-2.
The curves are calculated for the case of the turbu-
lent spectrum given by Eq. (79) with correlation length
λ = 0.1RL. The typical behaviour of the polarization
degree with frequency for different observation angles
is shown in Fig. 1 for the spectral index of turbulence
α = 5/3. The observation angle is counted from the nor-
mal to the plane with chaotic magnetic field.
If one observes the plane along the normal (with line
of sight perpendicular to the plane), the radiation ap-
pears totally unpolarized. In this case, there is no pref-
erential direction because the directions of the magnetic
field are isotropically distributed and the fluxes of the
radiation with different polarization are equal. However,
when the observation is conducted at an angle to the
normal, the isotropic picture is broken: while the angle
between the line of sight and the directions of magnetic
field perpendicular to the plane formed by line of sight
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Figure 1: The of polarization of the jitter radiation as a func-
tion of frequency for different observation angles. The curves
correspond to λ/RL = 0.1 and the spectrum of turbulence
with index α = 5/3.
and the normal remains 90◦, the angle in other directions
changes. Thus, the fluxes of the radiation with polariza-
tion in one direction would be dominant compared to the
fluxes with polarization in other directions. One can see
in Fig. 1 that in accordance with this consideration the
polarization generally increases with the angle. However,
at small frequencies and at angles close to 90◦ the oppo-
site behaviour is seen.
The analysis of the results presented in Figs. 1-2 shows
that at angles greater and smaller than θcrit ≈ 68.4◦, the
behaviour of the polarization with frequency is different.
Namely, at the angles smaller than θcrit the derivative
of the degree of polarization is positive at any frequency
which means that the polarization is a strictly increas-
ing function of frequency. At low and high frequencies
the polarization grows slowly producing some kind of
plateaus. Between these plateaus one can observe sharp
increase of the polarization located between ∼ 0.1ωj and
∼ ωj around the characteristic frequency of the jitter ra-
diation ωj = 10ωc. The transition region between the
plateaus becomes sharper and starts at lower frequencies
with the increase of the observation angel.
At the critical angle θcrit the polarization changes the
sign of the derivative at the point ωturn ≈ 3 · 10−3ωc be-
coming a decreasing function at small frequencies. For
the angle 75◦ shown in Fig. 1 this values is ωturn ≈
0.29ωc. Because of the very slow variation, the change
of trend at this frequency is barely seen. For larger
angles the point of the minimum where the derivative
changes its sign is more pronounced. At the angle 90◦
this point shifts to zero. Thus, from the physical point of
view, one can consider that at the observation angle 90◦
the behaviour of the degree of polarization as function
of frequency again changes to monotonically increasing
function. One of the explanations of such an interest-
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Figure 2: The degree of polarization of the jitter radiation
for different spectra of turbulence with an index α calculated
for the characteristic coherence length λ/RL = 0.1, and two
different observation angles 60◦ and 90◦.
ing behaviour of polarization with the observation angle
at small frequencies could be that this is a mathematical
artefact due to the delta-functional distribution of the di-
rections of the magnetic field in three-dimensional space
(all the directions lie in the plane).
One can show that the polarization degree converges
to the constant limit at high frequencies. Indeed, at high
frequencies the turbulent spectrum behaves as
Ψ(q) ∼
q→∞
1
q2+α
. (81)
Thus, the degree of polarization is
Πj =
1∫
0
dξξα−1F2(ξ, σ)
1∫
0
dξξα−1F1(ξ, σ)
. (82)
After calculation of the integral we obtain the analyti-
cal expression for the maximum of the jitter polarization
which depends on the angle of observation (σ = cos θ)
and the spectral index of the turbulence α:
Πj =
(1 + α)(2 + α)
α2 + 3α+ 4
(
1− 2σ
2(1− σ1+α)
(1− σ2)(α+ σ1+α)
)
. (83)
The value of the high-frequency plateau of the degree
of polarization increases with the observation angle and
spectral index. Specifically, at the angle θ = 90◦ the
polarization
Πj =
α2 + 3α+ 2
α2 + 3α+ 4
(84)
is as high as 81%, 83%, and 86% for the spectral indices
3/2, 5/3, 2, respectively (see Fig. 2). The polarization
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Figure 3: The spectral energy distribution of the jitter radi-
ation at different observation angles. The curve is calculated
for the case of the characteristic coherence length λ/RL = 0.1
and the turbulent spectrum index α = 5/3.
at the maximum of the spectral energy distribution ωj is
73%, 75%, and 78%.
Using Eqs. (34) and (79) one can show that at low
frequencies the degree of polarization as function of fre-
quency also tends to the constant which is now indepen-
dent on the spectral index of turbulence. After quite
tedious calculations one can obtain that this constant is
Πj =
1
2
(
1− σ
1 + σ
)
. (85)
At the observational angle 90◦ this limit is reached at zero
frequency. But at angles close to 90◦ the polarization can
attain the low frequency plateau at physically meaningful
frequencies and can be as high as almost 50%.
As it is clear from Eqs. (83) and (85), and Fig. (2) that
the degree of polarization does not depend on the spectral
index of turbulence at low frequencies and increases with
it at high frequencies. The higher value of the spectral
index corresponds to the turbulence when more energy is
concentrated at larger scales of turbulence. This means
that the turbulence with smaller scale gives less polarized
radiation at high frequencies.
The spectral power of jitter radiation also depends on
the observation angle. It is convenient to plot the spec-
tral energy distribution normalized to the total averaged
intensity given by Eq. (40):
R(x)dx = Pii(ω)dω/P¯ii = 2Ij(ω)dω/P¯ii, x = ω/ωc.
(86)
The result is presented in Fig. 3. The form of the spec-
trum does not change at large frequencies but slightly
decreases with the angle. It can be shown that the high
frequency slope is determined by the spectral index of
turbulence. Indeed, in accordance with Eq. (81), Eq. (34)
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Figure 4: The spectral energy distribution of jitter radiation
for different indices of the turbulent spectrum α and the char-
acteristic coherence length λ/RL = 0.1. Each case is shown
for two observation angles 0◦ and 90◦.
gives
Ij ∼
ω→∞
1
ωα
. (87)
At low frequencies, the form of the spectrum depends
on the angle. In the limit of the small frequencies the
behaviour of the function R(x) is well described by the
following expression:
R(x) ∼
x→0
2σ
3α
− 3
4
√
π Γ ((3 + α)/2)
(1 + α)Γ (1 + α/2)
δj(1 + lnσ)x, (88)
where a common constant is omitted and δj = λ/RL.
From this expression one can see that spectral power
tends to a constant. It should be noted that at angles
smaller than θcrit = arccos(1/e) ≈ 68.4◦ the function
tends to the constant from below, whereas at larger an-
gles it tends to the same constant from above. At θ = 90◦
the function behaves as R(x) ∼ x. The maximum of the
spectral energy distribution is around ωj . Taking into
account a prefactor omitted in Eq. (88) one can show
that at small frequencies the function R(x) grows with α
as it can be seen from Fig. 4.
C. Synchrotron radiation
The degree of polarization of the synchrotron radia-
tion is shown in Fig. 5. For the same reason as in the
case of the jitter radiation, the polarization is zero at the
observation angle 0◦ and increases with the observation
angle. The curve indicated as ’Homogeneous B’ presents
the case of radiation of an electron with the pitch-angle
90◦ in the homogeneous magnetic field. The polariza-
tion for the case of the distributions of the magnetic field
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Figure 5: The degree of polarization of the synchrotron ra-
diation as a function of frequency calculated for different ob-
servation angles. The curves corresponding to the magnetic
field strength distributions h0, h1, and h2 are shown by solid,
dashed, and dotted lines, respectively. The curve indicated
as ’Homogeneous B’ is the case of radiation of an electron
with 90◦ pitch-angle in the homogeneous magnetic field.
strength h0, h1, and h2 are shown by solid, dashed, and
dotted curves, respectively. One can see that for all an-
gles the polarization grows with frequency and tends to
a constant at small frequencies. In the case of ’Homoge-
neous B’ this constant equals 50%. As expected, at large
frequencies the polarization is smaller for broader distri-
butions of the magnetic field strength. Fig. 6 shows the
degree of polarization as a function of observation angle.
At the characteristic frequency the polarization can be as
high as 78%. Note that the polarization increases with
the observation angle faster at high frequencies.
The spectral energy distribution, νFν = xR(x), for
the case h0 is presented in Fig. 7. In contrary to the po-
larization, it decreases with the observation angle. This
anticorrelation is seen from the comparison of the results
shown in Fig. 5 and 8. Indeed, the broader distributions
of magnetic field strength correspond to smaller polar-
ization degree but larger intensity. The distribution h1
gives a slower decrease of intensity than in the case h0. In
the case of h2, as shown in Ref. [10], the spectral energy
distribution falls down as a power-law distribution.
In Fig. 9 we compare the polarization degrees of the
jitter and synchrotron radiation for different observation
angles. At all angles and frequencies, the monoenergetic
distribution of electrons produces more polarized radia-
tion in the synchrotron than in the jitter regime. It can
also be seen in Fig. (6) where the low-frequency limit
given by Eq. (85) is shown by dashed line. Note that
this feature of polarization of radiation by monoenergetic
electrons, cannot be generalized for an arbitrary distribu-
tion. As it is shown in the next section the jitter radiation
can be more polarized for certain electron distributions.
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Figure 6: The degree of polarization of synchrotron radiation
in the case of the magnetic field distribution h0 as a function
of the cosine of the observation angle σ = cos θ calculated
for different frequencies x = ω/ωc. The dashed line corre-
sponds to the low-frequency limit of the jitter radiation given
by Eq. (85)
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Figure 7: The spectral energy distribution of the synchrotron
radiation for different observation angles.
D. Power-law spectra
Eqs. (34) and (68) allow calculations of the radiation
properties for arbitrary distributions of electrons. An
important case is the power-law energy distribution of
electrons. If one takes into account that the geometry of
turbulent magnetic fields discussed in this paper can be
realized in the shock waves where the particles are accel-
erated typically with a power-law distribution, the con-
sideration of power-law distribution of electrons is natu-
ral. In this section we derive the formulas for the polar-
ization of jitter radiation for the power-law distributions
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Figure 8: The spectral energy distribution of the synchrotron
radiation calculated for the magnetic field strength distribu-
tions h0, h1, and h2 are shown by solid, dashed, and dotted
lines, respectively.
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Figure 9: Comparison of the degree of polarization for jit-
ter (dashed lines) and synchrotron (solid lines) radiation for
different observation angles.
of electrons and compare them with the expressions for
the synchrotron radiation obtained in Ref. [11].
For the power-law distribution over the Lorentz factor
of electrons γ,
dNe = Cγ
−pdγ, (89)
the polarization tensor is
(P¯nω(t))ik =
e4〈B2〉
m2c4
(Ij1δik − Ij2(δik − 2s′is′k)) , (90)
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where
Ij1,2 =
C
2
1
(2π)2
( ω
2c
)− p−1
2 × (91)
1∫
0
dξ ξ
p−3
2 F1,2(ξ, σ)
∞∫
0
dq q
p+1
2 Ψ(q).
It should be noted that in the case of a power-law electron
energy distribution the dependence of the power spec-
trum of the jitter radiation on frequency is identical to
the synchrotron spectrum, namely, ∼ ω(p−1)/2. Intro-
ducing the spectral index of radiation ζ = (p− 1)/2, the
degree of polarization of the jitter radiation is
Πjp = Ij2/Ij1 =
1∫
0
dξ ξζ−1F2(ξ, σ)/
1∫
0
dξ ξζ−1F1(ξ, σ).
(92)
The calculation of the integrals gives
Πjp =
(1 + ζ)(2 + ζ)
ζ2 + 3ζ + 4
(
1− 2σ
2(1− σ1+ζ)
(1− σ2)(ζ + σ1+ζ)
)
. (93)
Note this expression coincides with the formula given
by Eq. (83) for the high-frequency limit in the case of mo-
noenergetic electron distribution. However, contrary to
Eq. (83), this expression formally does not depend on the
spectrum of the magnetic field turbulence. In the deriva-
tion of Eq. 93 we have neglected the low-energy cut-off
of the electron distribution γ0, assuming γ0 = 0. For the
non-zero value of γ0, in the limit ωpl =
3ω
4ω0
δj ≫ 1, where
ω0 is the characteristic frequency of the synchrotron ra-
diation corresponding to the Lorentz factor γ0, one can
obtain the correction terms to the numerator and de-
nominator in Eq. (92). Specifically, in the case of the
turbulent spectrum given by Eq. (79) we have
Ij1,2 ∼
1∫
0
dξ ξζ−1F1,2(ξ, σ)
ωpl/λξ∫
0
dq qζ+1Ψ(q) ≈
ωpl→∞
≈
1∫
0
dξ ξζ−1F1,2(ξ, σ)
∞∫
0
dq qζ+1Ψ(q)−
− Aαλ
1−ζ
(α− ζ)ωα−ζpl
1∫
0
dξ ξα−1F1,2(ξ, σ).
At large frequencies, the correction terms, which depend
on the spectral index of the turbulence α, negligibly con-
tribute to this expression, thus can be discarded.
The calculations of the degree of polarization of syn-
chrotron radiation is [11]
Πsp = Is2/Is1, (94)
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Figure 10: The degree of polarization of the jitter (solid lines)
and synchrotron radiation (dashed lines) as function of the co-
sine of the observation angle σ = ns. The results are shown
for different values of index ζ of the power-law radiation spec-
trum produced by power-law energy distribution of electrons.
Note that at ζ = 1 the results calculated for two radiation
regimes coincide, Π = 3
4
(
1−σ2
1+σ2
)
.
where
Is1 = 2σ
ζ+1
2 P ζ+1
2
(t), (95)
Is2 =
(
ζ + 1
ζ + 5/3
)
σ
ζ−1
2 ×
×
[
2(1 + σ2)
1 + ζ
P 1ζ−1
2
(t) + (1− σ2)P ζ−1
2
(t)
]
.
Here t = (1 + σ2)/2σ, and Pq and P
m
q are the Legendre
and Associated Legendre functions, respectively.
The degrees of polarization as a function of the ob-
servation angle given by Eq. (93) for the jitter radiation
(solid lines) and by Eq. (94) for the synchrotron radia-
tion (dashed lines) are presented in Fig. 10. At spectral
index of the radiation ζ = 1 both expressions for the
polarization are equal to
Πjp(ζ = 1) = Πsp(ζ = 1) =
3
4
(
1− σ2
1 + σ2
)
. (96)
At ζ < 1 the polarization of the synchrotron radiation is
higher. At ζ > 1 the polarization of the jitter radiation
becomes larger at all observation angles.
V. CONCLUSION
In this paper, the polarization properties of the radia-
tion produced by isotropically distributed electrons in a
turbulent magnetic field with directions strictly parallel
to the plane (so-called slab geometry) have been studied.
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We consider two extreme cases of the small and large
turbulent scales.
In the large-scale turbulent magnetic field ultrarel-
ativistic electrons radiate in the regular synchrotron
regime. The geometry of the field affects insignificantly
the spectral energy distribution of radiation for a given
turbulence spectrum. The intensity observed at differ-
ent observation angles differs within a factor of two (see
Fig. 7). The polarization is more sensitive to the obser-
vation angle. It changes from 0%, when the magnetic
field plane is observed face-on to higher than 90% when
the plane is observed edge-on (Fig. 5). Both the inten-
sity and the polarization are sensitive to the distributions
over the magnetic field strength (Figs. 8 and 5). At high
frequencies the radiation spectrum in the cutoff region
falls down slower in the case of broader field distribution.
At the same time the radiation becomes less polarized in
turbulent field with a broader distribution.
In a small-scale turbulent magnetic field, the properties
of radiation of electrons are substantially different from
the properties of the synchrotron radiation. Namely, if
the characteristic length of the turbulence λ is smaller
than the non-relativistic Larmor radius RL, electrons
emit in the jitter radiation regime. The jitter radiation
is determined by the scale of turbulence and, therefore,
by definition, occurs only in the turbulent media. In the
slab geometry of turbulent magnetic field, which can be
generated in the relativistic shock waves, e.g. by Weibel
instability, we derived analytical formulae presented in
Eqs. (33 and 34) in the tensor form. We derived also the
spectral energy distribution of the jitter radiation field
as a function of the observation angle θ. After averaging
over θ, it naturally leads to the results derived in Ref. [10]
in the case of isotropic turbulence.
The jitter radiation has distinct spectral features. The
maximum of the spectral energy distribution is achieved
at ωj which is shifted RL/λ times towards higher fre-
quencies compared to the position of the maximum of
the synchrotron radiation. At high frequencies the spec-
trum has a power-law form; the slope depends on the
spectrum of the magnetic turbulence (see Eq. (87)). At
low frequencies, it is described by Eq. (88) which tends
to a constant.
As in the case of synchrotron radiation, the jitter ra-
diation is not polarized when the magnetic field plane
is observed face-on. It grows with increase of the an-
gle from this direction. In general, the polarization of
the jitter and synchrotron radiations have similar prop-
erties. In both regimes, it increases with the frequency
and the observation angle. But they are different in de-
tails. In the case of the monoenergetic distribution of
electrons, the polarization of the synchrotron radiation
is higher than the polarization of the jitter radiation at
all observation angles and frequencies. However, for the
power-law distribution of elections the polarization of the
jitter radiation can be higher.
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